A system of finite difference equations for storm surge prediction has been constructed, using forward time differences.
INTRODUCTION
A large number of papers dealing with the storm surge problem have already been published. The nonlinearity of the general equations has been eliminated by most research workers, thus facilitating the study of the simplified system, under idealized initial and boundary conditions.
The numerical approach to the remaining linearized equations, however, varies widely. Generally centered differences are used to approximate space and time derivatives. In order to obtain conservation of energy and well behaved fields, various smoothing operators or frictional terms are included in the numerical equations. However, so far, no general criteria have been obtained to the best knowledge of the author.
Such a situation indicates the need of searching for a more suitable finite difference scheme testing its accuracy and efficiency.
I n the following paragraphs the computational stability and convergence of a finite difference analog involving the simplest possible mathematical assumptions will be discussed. This will be done by comparing the numerical results to analytical solutions. for idealized physical models.
THE DIFFERENCE SCHEME
As the principal aim of this paper is the study of the behavior of a numerical solution, and as the proper choice of frictional terms is another problem still unsolved, they will be omitted in the following paragraphs.
x and y directions respectively. level. h(x,y) : depth of the sea bottom.
p": prescribed atmospheric pressure. g: acceleration due to gravity. p : density of the water.
f: Coriolis parameter.
System (1) will be expressed in the following difference f o m :
where the indices ( J , K , n) denote a point (x, y, t)=(JAx, KAY, nAt) of the discrete grid, and Ax=Ay=As.
This forward centered scheme mixes explicit and implicit equations, but when evaluated in the order indicated in (2), the system itself becomes explicit and no iterative process is required. Furthermore, from the computational point of view, economy is achieved by the fact that no storage of old fields is necessary, because after each field has been evaluated its previous values are not used in the remaining equations.
For similar reasons, not all the fields are evaluated a t the same points. Transport components are computed a t even (J+K) points, and height values a t odd ( J f K ) points, for all n.
By an analysis similar to the one discussed by Platzman For all practical purposes this condition reduces to Due to the fact that forward differences in time are used, no special starting procedures are needed, once the initial state of the fields has been specified.
To simulate a closed region, the transport component normal to the "walls" of the basin has to vanish when working in a rectangular region, e.g.
U=O
These conditions are easily applied to the last two equations of system (2), but some additional procedure must be considered for the evaluation of the centered differences of the transport in the continuity equation.
Welander [lo] and Harris and Jelesnianski [2] suggested the addition of auxiliary lines of zero velocity points surrounding the real basin, to be used for the evaluation of q values on the boundaries. However, Harris and Jelesnianski did not actually use this scheme in their calculations, pointing out that the corner points introduced could become source points for small-scale disturbances not germane to the problem.
Their prediction has been verified in this study. It can be seen in figure 1B how the effect of reflection from the boundaries, that occurs earlier (because of the shorter distance) wherever the fictitious "shore points" are not Vol. 96, No. 3 utilized, is being propagated into a rectangular basin, with the consequent distortion of the fields. Therefore another method was tried. Figure 1C shows the free oscillation of the same initial disturbance, after the same number of time steps, where the auxiliary lines were removed and the q values a t the corresponding points evaluated by forward differences of transport mesh points lying within the real basin.
Further numerical experiments were carried out in order to study the behavior of this boundary scheme.
I n a rectangular region of constant depth, when no forcing functions are acting, and no Coriolis term is considered, an initial sinusoidal disturbance will be propagated through the basin, satisfying the wave equation
The corresponding solution is:
q(x, y, t)=l]o.cos ffX*COS py-cos at The period of oscillation is given by Several cases were solved numerically under the conditions previously specified and for different values of m,r. The initial state was given by (5) with t=O.
The resulting fields were behaving according to the analytic solution (5) even after a large number of reflections at the lateral boundaries. I n order to test the scheme in a case in which one of the boundaries is not a coordinate line, the same problem was solved for a basin in the shape of a right-angle triangle of two equal sides a ( fig. 3) . In this case an analytic solution exists, to wit:
The difficulty that arises in a numerical solution is the application of the condition for zero normal transport but not a definite value for either one of them.
In the interior of the basin, and on the lines AB and m, the usual scheme can be applied. Assuming that all the fields have already been computed at all those points f o r time n + l , the following procedure was used for the boundary line E, where the condition (9) is given. The equations for a velocity point of that line were written using forward differences for the space derivatives. 
R being the number of grid points in the x or y direction.
The two equations (10) and the condition (9)
UJ,+i + V?,% = 0 form a system of three equations and three unknowns. The determinant of the coefficients is different from zero and the system has therefore a nontrivial solution. It provides the velocity values on the boundary x, and the auxiliary 7 points at time (n+l)At.
This scheme was used in the numerical solution for the case of an initial disturbance v(x, y, t=O)=r]o. cos --cos "1 -(11) oscillating freely in a triangular basin of constant depth.
According to (S), the period of this m=1, p = l mode corresponds to 42 time steps, with the parameters used in the computation. This was also the value obtained from the numerical computations.
After 126 time steps (3 complete periods) the g field still satisfied the relation (ll), with a maximum deviation of 0.2 percent from the initial configuration.
The boundary scheme mas therefore considered satisfactory. It is hoped that the method can be generalized for boundaries of irregular shape.
THE DIFFERENCE EQUATION FOR THE ENERGY
An accurate solution of the primitive differential equations must conserve energy as long as no external forces are acting on the system. An approximate solution obtained from finite differences should also conserve energy, while nonconservation can indicate an instability in the calculation.
For most centered difference schemes one can define the energy integral in such a way that conservation of energy is automatically fulfilled as long as the calculation is stable.
The main objection (see for example Harris and Jelesnianski [3]) against non-time-centered schemes like (2) is that there is no clear way of defining and calculating the energy balance. This is due to the fact that even though each field can be labelled with the same time step index (as in (2)), they actually represent the situation of the system a t slightly different times. Therefore, it was considered desirable to go more deeply into this problem, and to try to suppress or estimate those spurious variations of the total energy, which although inherent in the scheme, do not indicate any instability.
The energy relation corresponding to system (1) is:
where S is the surface area of the basin and C its contour. The last term, involving the normal transport components to the boundaries, will cancel in the case of a closed basin.
Since the transport and 9 fields are evaluated only a t discrete points, the energy balance must be solved by numerical quadrature. With the staggered grid used in the computations, it seems natural to replace the integrals by summation over elements of triangular shape covering the whole basin. By such a procedure, a t any given time:
and similarly for the other terms. The length of the basin is given by (R-1)As and ( T -1)As in the x and y directions respectively .
The computational difficulty arises in the evaluation of the time derivative. I n the finite difference analog (2) forward differences were used. On the right hand side of these equations there appear terms evaluated a t time n and n + l , and the arrangement differs from equation to equation. However, the contribution of each field should be consistently centered in time so as to obtain a value for the energy that will represent the shape of the system at a unique and well defined time. By comparison of (12) with the analogous invariant that can be deduced from the difference equations (a), the following scheme was adopted: indicates the time step. I n addition (where (pa) is interpolated from the corresponding values at n and n+ 1). It must be stressed that procedure (14) does not represent any form of smoothing. It is purely an attempt to combine the transport and I) fields in such a way as to eliminate or decrease the difference of phase inherent to formulation (2).
Vol. 96, No. 3 The effect of the adoption of scheme (14) on the behavior of the energy can be studied by applying it t o a very simplified model. A one dimensional channel of constant depth is considered, in which the fluid is oscillating freely.
The differential system of equations reduces to :
brl=--dU a t ax
The finite difference analog similar t o (2) applied to this system gives:
The solution of which can be written in the form:
q;=No (cos mp+ U;=-2No sin n+ sina J A s ,
J4-p2
where At rp=-dgh sin aAs; 4=arc cos ( 1 -i~' ) ; a=-(m an integer).
As

L mn
The initial conditions assumed for this system are:
Equations (16) C is a constant resulting from the summation implied in (14) and that depends on the total number of grid points in the grid.
It can be seen from expression (17) that oscillations of period T=rAt/q5 appear superimposed over a constant value for the energy. If (14) is an accurate representation of the energy, the amplitude of these oscillations should be, of course, very small or zero. Figure 4 describes the behavior of these spurious" oscillations. Their amplitude and period depend on p, which itself is determined by the characteristic wavelength of the imposed motion and the dimensions of the channel. In terms of the numerical scheme, this means that p is fixed by the number of grid points per wave as used in the computations.
From figure 4 it may be deduced that the amplitude of the "noise" decreases, and its period increases, with the number of grid points per wave, and that its influence is negligible (under 2 percent) when each wave is resolved by a t least 8 grid points. The oscillations become important when less than 6 points are assigned to each wave; but this is in any case the critical number of grid points that is necessary to determine a wave [4]. Waves shorter than 5 As are not properly resolved by numerical schemes in general.
The accuracy of the value predicted by expression (17) can be checked by treating numerically the same physical system for which this formula was obtained. Figure 5 , for example, represents the total energy of such a system, obtained by the numerical solution of equations (15) , when the number of grid points per wave was 8. The periodic character of the oscillation of the total energy is evident. Its amplitude is 1.9 percent as compared with the value of 1.6 percent given by (17) (see fig. 4 ). The period, 6.1 steps, is exactly predicted. A similar good agreement is obtained for other values of the parameters shown in figure 4 .
As pointed out by Harris and Jelesnianski [3] , the critical test of the stability of computation in the storm surge problem is conservation of energy. The present analysis shows the behavior of a procedure like (14), that involves a correction of the time shift between kinetic and potential energy when forward differences in time are used for the numerical scheme. An easy analysis of the energy balance is therefore possible, and the main objection against the use of forward differences, as in Fischer's [l] scheme, or in the one presented in this paper, is removed.
CONVERGENCE
A first check of convergence of the numerical scheme to the solution of the dserential equations was already shown in section 2, when the results of free oscillations in a rectangular and triangular basin of constant depth were discussed. There, the model reproduced the analytical solution of the wave equation to a high degree of accuracy. I n order to test the behavior of the scheme for a system under the action of an external forcing function, a one dimensional solution given by Proudman [7] was chosen. 2 The solution of the equations of motion in the case of a semi-infinite channel of constant depth is given by where and f ( t -y / V , ) , is any function that represents a disturbance of atmospheric pressure advancing at a constant velocity V,. f(t-y/U,) is the same function of the argument (t-y/U,). The coordinate y is taken along the length of the channel. For the numerical experiment the following expression was used
yo is the initial position of the "pressure front" relative to the closed boundary of the channel. k is a parameter that determines the steepness of the hyperbolic tangent curve. A value of this slope which is too high is liable to excite parasitic waves, discrete systems being unable to represent sharp gradients, which involve relatively large amplitudes of short wave components. Several trials lead to k=1.5 and a width of the pressure step, L,=8As.
Both numerical and analytical solutions were obtained for the same values of the parameters. To simulate a semiinfinite channel with the computational scheme, a long and narrow basin was considered, with no variation of variables along the x-direction. The pressure front advanced towards the basin through the closed boundary at y = 0, with a velocity V , = 14 m./sec. and the computations were terminated before reflections from the second boundary (located at infinity in the analytical model) could be propagated into the region of interest. Figure 6 shows the final results. The numerical experiment was carried out for three different values of increments: As and the corresponding maximum value of At resulting from the stability condition; As and At/2, and As12 and At/2, in order to estimate the dependence of the truncation error on the space and time intervals. The convergence of numerical results to the analytical solution is encouraging.
A variety of other cases, for which no analytical solutions are available, were also studied. Among them: basins of linear, parabolic, or exponential bottom topography. The water was oscillating freely or under the action of wind or pressure, which constituted the external forcing function. In such situations the actual test on the stability of the numerical scheme was the conservation of the energy or its balance by the work exerted on the open system. I n this sense, also for these cases scheme ( 2 ) proved to be stable. ,
CONCLUSIONS
A careful study of the stability and convergence of the finite difference analog ( 2 ) shows that smoothing of the fields is not necessary when such a scheme is used.
The discussion of section 3 indicates a way of evaluating a representative energy of the system when velocities and heights are computed with a lag in time, removing therefore the only serious objection for the use of forward differences in the numerical solution of storm surges problems.
The considerable saving of computing time in the use of the scheme here presented can be an important factor for its adoption in numerical research or in actual forecast.
APPENDIX AN IMPLICIT DIFFERENCE SCHEME FOR THE PRIMITIVE EQUATIONS O F M O T I O N
Forward differences in time, and centered differences in space can be applied to system (1) in the following way: 
